Internet Appendix for Default Risk and the
Pricing of U.S. Sovereign Bonds:

A TIPS, Nominal Treasuries, and CDS

Our empirical analysis focuses on four financial instruments: inflation-indexed Treasury notes
(TIPS), nominal Treasury notes, credit default swaps on the U.S. Treasury (CDS), and
inflation-indexed swaps (ILS). In this section we discuss the zero-coupon arbitrage in ILS,
nominal, and inflation-protected Treasuries, an analogue to the coupon-based strategy detailed in
Fleckenstein, Longstaff and Lustig (2014). We also discuss institutional features of these securities

as well as CDS, and how these might relate to the profitability of the arbitrage strategy.

The two primary instruments of debt issuance for the U.S. government are cash-denominated
Treasuries (nominal) and Treasury inflation-protected securities (TIPS). Nominal zero-coupon
bonds pay their nominal face value to the bond-holder at maturity. In contrast, zero-coupon
TIPS holders earn the inflation-adjusted face value of the bond at maturity. Since cumulative
inflation tends to be positive, TIPS tend to trade at a premium compared to nominal bonds. For
both nominal bonds and TIPS, yields at issuance are determined through an auction process
involving numerous market participants. According to Treasury Direct, as of April, 2020, the
total principal value of Treasury securities outstanding is $18,104 billion, of which $1,493 billion,
or 8% are TIPS. The dollar amount of TIPS outstanding is comparable in magnitude to each of
the respective markets for asset-backed securities, federal agency securities, and U.S. money

market instruments.?

The TIPS inflation adjustment is computed using the seasonally non-adjusted consumer price
indez for all urban consumers in the U.S. (CPI-U). CPI data is published monthly by the Bureau
of Labor Statistics with a lag of about one and a half months, making the realized inflation
unavailable when TIPS mature. TIPS payments thus include an indexation lag — the index used

to determine their cashflows is a linear interpolation of CPI-U observed between two and three
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months before. The inflation-adjusted principal paid back at maturity is calculated by
multiplying the face value of the bond by the cumulative index ratio. TIPS embed a deflation
floor, such that they return the full face value even if cumulative inflation realized over the bond

lifetime is negative.?

Despite the indexation lag, it would be difficult for the U.S. government to inflate away
outstanding TIPS. Technically, it would be possible for the sovereign to resort to seignoriage to
pay back maturing TIPS and current coupon payments without realizing the consequence of
increased inflation. However, the inflation adjustment will materially impact any remaining
outstanding TIPS, increasing the future interest payments of the government. Should the U.S.
government refuse to honor the TIPS indexation, this would likely trigger a credit event and force
the payoff of U.S. CDS contracts (see below). In case of default, nominal bonds and TIPS have

the same level of seniority.

Leaving aside the embedded deflation floor, TIPS can be theoretically replicated by combining
nominal bonds and inflation-linked swaps (ILS), as shown in Fleckenstein, Longstaff and Lustig
(2014). ILS allow for the buyer to earn cumulative inflation in exchange for a fixed rate, relative
to the notional agreed upon at inception. Inflation swaps are costless to write, and they are
typically zero-coupon. As of April 2012, the average daily brokered inflation swap activity was
estimated to be $350 million, concentrated around the 10-year maturity. Importantly, despite a
low trading frequency averaging about 2.2 contracts per day, the market for inflation swaps
appears fairly liquid, with bid-ask spreads from proprietary data averaging below 3 basis points.*
Keeping with the standard for swap contracts, ILS are collateralized, thus subject to minimal

counterparty risk. In the remainder of the paper, we will assume that ILS are virtually risk-free.

In a frictionless economy, for a given maturity n, no arbitrage implies that the zero-coupon ILS
rate is equal to the spread between the nominal and TIPS zero-coupon yields, called breakeven
inflation rate (BEI):

Is{™ = R™ — ™" = BEI{™ . (12)

This measure is the zero-coupon equivalent of Fleckenstein, Longstaff and Lustig (2014), who

3We consider zero coupon bonds in this study. Note however that most of nominal bonds and TIPS issued
by the U.S. sovereign are coupon bonds paying on a semi-annual basis, but TIPS are only issued in terms
of five, ten, twenty, or thirty years. For TIPS coupon payments, the coupon rate is fixed and paid on the
inflation adjusted principal. For coupon payments, there is no deflation floor and the inflation-adjustment
is computed using the index ratio realized over the last 6 months.
‘https://libertystreeteconomics.newyorkfed.org/2013/04/how-1liquid-is-the-inflation-swap-market.
html and JPMorgan Investment Insight: Inflation Derivatives.
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show that the cash flows of any traded nominal Treasury bond can be replicated by a portfolio of
TIPS, U.S. Treasury STRIPS, and inflation swaps. We equivalently call this spread ILSBEI,

mispricing, or hedged breakeven.

In practice, researchers have observed large deviations from this no-arbitrage relationship over the
maturity spectrum. Figures 1 and 2 present the five years to maturity series of ILS and BEI and
the term structure of the spread between inflation swap rates and zero-coupon BEI, respectively.
These deviations from the no-arbitrage relationship are quite persistent, and average between 30
and 36 basis points depending on the maturity. In the midst of the crisis, they reached more than

200 basis points.

Most of this apparent mispricing has been previously attributed to the low liquidity of TIPS
relative to nominal bonds and ILS or to slow-moving capital (see e.g. D’Amico, Kim and Wei
(2018) or Fleckenstein, Longstaff and Lustig (2014)). Campbell, Shiller and Viceira (2009)
suggest the premium is related to the cost of supplying inflation protection and is typical under
normal market conditions. Inflation swaps, Treasuries, and TIPS all trade over-the-counter and
may be subject to varying liquidity risk or counterparty credit risk in the case of ILS. We argue
that the ILSBEI spread is also significantly related to the risk of default of the U.S. sovereign that
we associate with U.S. CDS. In our analysis, we control for all these potential confounding factors
in the analysis, and abstract away from the embedded deflation floor in TIPS and the tax-related
issues. We note that the deflation floor drives the price of TIPS upward, making the observed
TIPS yield lower than the one used in the no-arbitrage argument. This would lead us to

underestimate the ILSBEI spread, thus the size of the potential mispricing.

Credit default swaps (CDS) are OTC instruments designed to protect bond investors from a
contingent credit event of the issuing entity. In practice, a bond investor (protection buyer)
entering a CDS agrees to pay a fixed premium, typically called the CDS spread, on a regular basis
to the protection seller, her counterparty. In case of a credit event, the contract terminates and
the seller has to deliver the loss given default (LGD) realized on the bond to the buyer, making
her earn the entire face value of the bond upon default. As is standard for swap contracts, the
premium is indexed on a notional amount agreed upon at inception and is set such that the
original cost of issuance is zero. While not free from counterparty credit risk, CDS are typically

collateralized.

The International Swaps and Derivatives Association (ISDA) provides legal details that define the
triggers for the termination of CDS, which type of obligations are considered, and how the LGD



and repayment operates depending on the underlying bond issuer (see ISDA (2003, 2014)). In the
case of the United States Treasury, a credit event is observed whenever the government either (i)
fails to repay, (i) repudiates or imposes a moratorium, or (i) restructures any of its borrowed
money. This includes in particular any Treasury Bill, Bond or Note, whether nominal or indexed.
In our empirical analysis, we identify default with the conditions for which CDS protection are

triggered.

In the case of a credit event, the LGD is determined through an auction addressed to CDS dealer
banks. Participating banks typically submit a bid and ask quote on a $100 face-value bond of the
reference entity, and the cross-section of bid-asks is used to determine the final price of the bond,

typically below par (see Augustin et al. (2014)).°

Settlement of the CDS contract can be completed either through cash or physical delivery. In the
former case, the protection seller delivers a payment equal to the LGD as determined by the
auction, multiplied by the notional of the CDS. In the latter case, the protection seller pays the
entire notional to the buyer in exchange for an equivalent principal amount of reference bonds. If
these bonds have the exact same characteristics as those auctioned, the two deliveries would be
equivalent. However, the protection buyer can choose to exchange any of her reference bonds with
maturity below 30 years and above the maturity of the CDS contract. This essentially embeds a
cheapest-to-deliver (CtD) option to the buyer’s position, who will likely deliver the lowest dollar

price reference obligation available.’

U.S. CDS contracts fall under the “Big Bang Protocol” established by ISDA in 2009. In the
aftermath of the financial crisis, as the primary industry body overseeing swaps and derivative
trading, ISDA pushed swap market participants to adopt the new protocol in an effort to
standardize over-the-counter contract parameters.” A number of the implemented changes are
worth highlighting. First, coupon payments on each contract are fixed at either 100 (investment
grade) or 500 basis points (non-investment grade). As a result, there is typically a payment to be

made at the initiation of the contract to ensure that the present values of expected cash flows are

°The final price of the bond resulting from this auction is published by CreditEx (http://www.
creditfixings.com/CreditEventAuctions/results. jsp).

6In the context of the Greek crisis, CDS contracts and the associated auction mechanism played a minor
role in the resturcturing process. As highlighted by Zettelmeyer, Trebesch and Gulati (2013), the credit event
was triggered only after the preemptive debt restucturing. Therefore, the CDS auction took place after the
bond exchange, and the resulting auction price fell in place with the new bond price in the secondary market.
To be certain, CDS coverage of Greek sovereign debt was very low, at less than 2%. One would not expect
the outcome of the bond auction to dictate terms of the restructuring.

"BIS Quarterly Review, December 2010. “The Big Bang in the CDS Market”
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equal between the buyer’s and seller’s legs. A second important change stemming from the
protocol is the hardwiring of the auction process following credit events such that all protection
buyers obtain fair cash payments from protection sellers. Third, the protocol further stipulates
the creation of Determinations Committees for determining whether a credit or succession event

has occurred in order to reduce disputes between counterparties in case there is ambiguity.

Market participants in the sovereign CDS market include security dealers, banks and other
financial institutions, and hedge funds (see e.g. Augustin (2018)). There is evidence that
sovereign CDS contracts are used in both a hedging and speculative context. For contracts
specifically written on the U.S. sovereign, focusing on the most liquid contracts with five years to
maturity, price data from Markit shows there is very little pricing movement before the financial
crisis of 2008. The premium spiked in 2009, at the height of the crisis, to about 100 basis points

and has remained elevated afterward between 20 to 40 basis points.

Chernov, Schmid and Schneider (2020) provide a detailed discussion on the determinants of U.S.
sovereign CDS spread beyond credit risk. For instance, the majority of U.S. CDS contracts are
denominated in euros, and there is a small foreign exchange premium embedded in the spread.
U.S. dollar denominated contracts did not start trading until August 2010 and volumes are thin
relative to euro contracts. Additionally, there is uncertainty in the cheapest-to-deliver option due
to the bond auction protocol conditional on default occurring. Lastly, the U.S. CDS spread
should contain a liquidity premium component due to the relative scarcity of the instrument
compared to other sovereign CDS contracts. A combination of these factors contribute to the U.S.

sovereign CDS premium.

In the context of our project, we use the U.S. sovereign CDS premium as the indicator of the
market’s beliefs about default risk. We recognize that non-credit risk-related factors may
influence the pricing of CDS. In the next section, we detail our approach to this issue and present
several robustness tests in the Appendix to rule out the possibility these non-credit risk-related

factors can simultaneously generate differential prices in U.S. sovereign bonds.



B Proofs in the simple model

B.1 Model

We assume the following specification for the pricing kernel and inflation dynamics:

t+1

log M, = M+As-1 {5(0) > 0} , i~
Tir1 = /ﬁ;o+ny-)\t+ﬂ5-]l{(5t(i)l >0} ,

(c)

where ;' is a non-negative process with conditional jump probability ;.

B.2 Omne-period pricing
Riskless securities: We calculate the price of a riskless real bond first.
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This means the one-period yield is approximately given by:
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The corresponding yield is given by:

W~ Mo A [y = (M = )]~ M ko + Ry R~ AN (17)
t

Thus we can obtain ILS rates as:
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)\t —0

Defaultable treasuries: Let us turn now to risky securities. Let us assume the loss given
default of TIPS is given by LGD*. The price of a risky real treasury is given by:
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Again, the yield is given by:
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The real credit spread is then given by

RV (7 Ly, M LGD? (21)

Similarly, the price of a risky nominal treasury whose loss given default is denoted by LGD is



given by:
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The corresponding yield is given by:
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and the nominal credit spread is given by:
R — ) = )M LGD (24)
The BEI and ILS-BEI spreads are respectively given by:
BEIY) ~ o+ A [ry + €™ (1 - LGD* — [1 — LGD] - ¢~")] (25)
ILSBELY ~ ;- e [LGD* — e ™ LGD] (26)

B.3 Multi-period pricing with independence

To keep things simple, we assume that the default probability is fixed through time and that we
draw the default process independently every period. We relax this assumption later.
Following our assumption, it is easy to see that the price of bonds is fixed through time as long as

the entity is alive. Thus, it is easy to obtain the complete pricing recursions.



Riskless bonds: Let us consider inflation-indexed bonds first. We have:
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therefore:
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Similarly, for nominal riskless bonds, we have:
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The ILS is then given by:
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Risky bonds: Using the same logic, risky bond yields can be obtained as follows.
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therefore:
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and the BEI and ILSBEI spreads are given by:
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B.4 Absorbing Default Process

We now consider that the effects of a default can be permanent. In other words, the conditional
probability A; given a default occurring today is equal to 1. Notice that this assumption does not

modify the one-period yields, but only affects the multi-period ones.

Riskless yields: We focus on inflation-indexed bonds first. We have a tree of outcomes. With
probability (1 — A\;)", the sovereign stays alive for n periods. Otherwise the sovereign default
exactly at ¢t 4+ k + 1 with probability (1 — A¢)*);. In this case, since the default state is absorbing,
both the SDF and the inflation rate jump by As and kg, respectively, and for the remaining n — k
period. Putting all together we have:
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and, for nominal bonds:
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Defaultable bonds:  We use recursive computations for defaultable bonds. Starting with
TIPS, we have:

B = A B (M7 (1 -1GDY)- B }5t+1>0) (1-\)E, (MHBt(H) 62 =0)

= M [)\t (1 - LGD*) - M - E, < R L O) (1= M) By ( e = 0)}40

Notice that the only source of time variation in the price is potentially A;11, which can take 2

values. Conditionally on whether default has happened at ¢ + 1 the future price is known. Thus,

we can write Bt(zfl)* =: fr_1(At+1). We obtain:

BM = i) =M A - (1-LGD) - e f2 (1) + (1= ) fioy (M) (41)

starting from fg(A;) = 1. Since our model is a binomial tree with absorbing states, each price will
be of the form:

fa(M) = /\tzank (1= X)" +aj, (1= )"

We thus obtain the following recursion:

a:%k = a;—l,k—l for k>0 X (42)
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Starting from initial conditions aao = 1, we obtain:
a;;’k = a;ihl’kfl =...= a;;—k,o =(1- LGD*)”_k RS forall k< n (43)
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Thus, we obtain:
. n—1
B = en | \ [ 1> (1=LGD*)" . =R (1 - x)F 4 (1 - )\t)"] (44)
k=0

Using the same manipulation as for riskless bonds, we obtain:
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We can also derive nominal bond prices in the same way.
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Developing the recursions, we obtain:
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Starting from ago = 1, we have:
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Thus we have:
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Though complicated, the ILSBEI spread is available in closed-form and does not depend on M.

We hereby derive the pricing formulas under the expectation hypothesis to obtain the risk

premium. We start with the real riskfree bonds. We have:

* (1* M
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where the last row is obtained by separating what happens to the short-term rate in case of
default and non-default. Following the recursion, we can easily show that:

L
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In the same spirit, we can derive the recursions for the nominal riskless bonds:
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Following the recursion again, we obtain:
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Similarly, for defaultable bonds:
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and for nominal bonds:
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C Mechanism: Differential Loss Given Default

Let us focus on the mechanism involving a differential LGD and consider a differential treatment
of nominal treasuries and TIPS in the case of default. Consider for instance a debt restructuring
as in the case of the Greek 2012 default. The government proposed to bondholders to exchange
outstanding treasuries against newly issued nominal bonds, regardless of potential inflation

protection. The exchange was done face-value for face-value.

In this case, the loss given default is bond-specific. Imagine that the newly-issued bonds are

valued 50cts per dollar of face value, then the holder of a bond trading at par obtains a recovery
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rate of exactly 50%, while the holder of a bond trading at a discount will obtain a higher recovery
rate. TIPS tend to trade at a premium compared to equivalent-maturity nominals because of the
inflation protection. However, their face value also increase during their lifetime with the accrued
inflation accumulated from the past. Thus, what will eventually determine if TIPS suffer more
than equivalent nominals in case of default depends on how the sovereign decides to treat the
accrued past inflation in the face value of the bond. If the government forgives all inflation
indexation, the TIPS will suffer more from default than its nominal counterpart since its face
value reduces to one. This disindexation could explain the differential pricing of the defaultable

treasuries by itself.

This channel has strong implications for the differential pricing of TIPS. Consider two TIPS that
have been issued at different times, but have the same maturity date. Today’s date is ¢, and the
older TIPS has been issued at date 0 with semi-annual coupon c¢,q. The newer TIPS has just
been issued and has semi-annual coupon ¢,e,. Both bonds have remaining time to maturity 7.
Since all payment dates are aligned, a long-short position can easily annihilate all coupon

cashflows. The individual positions are given by:

t
Wold = Cnew €XP <_ Z 7Ti> and  Wnew = Cold 5 (54)
=1

and, assuming long position in the newer bond, the portfolio reduces to a zero coupon TIPS,

where the final payment is given by:
T
exp ( Z 771') (Cold - Cnew) . (55)
i=t+1

In other words the long-short portfolio reduces to a newly issued zero-coupon TIPS with maturity

T and the face value is (coiq — Cnew)-

Let us assume that the sovereign defaults at date 7, and that the sovereign only honors a fraction
p* of the accrued inflation since inception of each bond. The recovery payments of the old and

new TIPS are respectively given by:

Wold €XP (p* Zﬂ-z> and  Wpew €xp (p* Z Wi) ) (56)
=1

i=t+1
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such that the recovery payment of the portfolio is given by:

€xp (P* Z 771') [Cold — Cnew €XP <(p* - 1) ZT‘—Z>] . (57)

i=t+1 i=1

As a last step, we add a zero-coupon TIPS position to the portfolio, with face value (cpew — Cold)
to cancel the principal repayment. Assuming homogeneity of treatment for all TIPS bonds in case

of default, the recovery payment of the aggregated portfolio is given by:

RP = exp (p* ET: m) Cnew [1 — exp ((p* -1) Zm)] . (58)

i=t+1 =1

Provided accrued inflation over long periods is usually positive, we expect the recovery payment
to be positive since the term in the squared brackets is positive. Notice that the recovery payment
grows with the degree of disindexation (1 — p*) and goes to zero when p* = 1. This theory can

thus be tested by forming the price of these portfolios and tracking their prices over time.

We identify 5 TIPS pairs with aligned maturity dates that have been issued at different dates. We
summarize their characteristics in Table A8. Note that these bonds all pay semi-annually and
have the same seniority level. For each bond pairs, we compute the weights of the long-short
portfolio using their coupon rate and a reconstructed series of the CPI-U reference index taking
into account its indexation lag. The complete portfolio necessitates the price of a defaultable
zero-coupon TIPS for any possible time to maturity in days. We use the smoothed
Nelson-Siegel-Svensson parameters provided by Gurkaynak, Sack and Wright (2010) and

reconstruct the zero-coupon inflated price for each date.

The results are presented on Figure A1. All 5 bond pairs show the same pattern, and the
mispricing is high when the new bond is issued due to the on-the-run premium, but decreases
rapidly afterwards. All bond pairs eventually fluctuate mostly in the +25cts range for $100 face
value. Bond pair 5, the most recent one in our sample, is a bit more elevated and fluctuates
between 25cts to 50cts for $100 face value. These values are overall small. To check that they
could be the result of the smoothed zero-coupon model, we compute confidence bands by adding
or subtracting 3bps to the TIPS zero-coupon bond yield. All confidence bands include 0. This

casts doubt on this particular channel as being the main driver of our results.
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D A Lucas tree economy with endogenous inflation

D.1 Model

Let us consider a CRRA Lucas tree economy with the following dynamics:

ACt-‘y—l = Tt+ 041+ Hc(gt(i)l (59)
Tep1 = Palt+ @55156) + ANt + 0zErt1
where there is no intercept in the consumption dynamics without loss of generality, and e is
standard normal. The default dynamics are given by:
P, (5§fl > o) Y
_ (60)
At+1 = A+ oAt + Or€rp1
where ¢; is standard normal, and 5,5(6) is gamma-zero distributed with scale parameter 1.5 In
addition, we assume that the monetary policy follows a standard Taylor rule, such that:
ip =10+ bemy + bpwy . (61)
The pricing kernel is given by:
Myyy = Be 780+ (62)
We assume that the inflation rate has a linear formulation given the states, such that:
T =T + KpXt + KaAe + f<a55§c) ) (63)

We solve these coefficients as a function of the remaining dynamics.

8We could alternatively design the )\; process as an autoregressive gamma and make the default proba-
bility 1 — e~¢, as is the case for the term structure model. This merely complicates computations.

17



D.2 Solution

We calculate the nominal riskless bond price as:

B (Myp1e” ™) = BE, [GXP {—7% — YOcEL+1 — 7/4c5t(i)1 — T — kg (Pnﬂt + %5150)

—RAA41 — nadﬁiﬁ H

+ QDA)\t + Ux5t+1>

("iaco'ac + ")/UC)Q

9 - ('7 + Hﬂcpz) Tt — Hw90551t(0) - H:ESO)\)\t} X

E, [exp {— (ye + k5) 81y — HAAtHH

= Bexp{—Tr—i—

= Bexp{—ﬂ—l—

(KeOg + 706)2
2

2 2

YKe + K¢ — KOS
—_— N — A A

eXp{ 1+ ke + K5 K K’\( A t)+ 2 }

— (v + Kwpz) T — /-fxsoac?t(c) - mxw&} X

Therefore we have:

(Kpop +y0e)? B K303

2 2

iy, = —logB+T+ KA\ —

YKe + Ks

——— +K A 64
1+ ~he + rg ,\P,\> t ( )

+ (7 + H:Ep(ﬂ) Tt + /fmSOzSdt(C) + <Hx§0)\ +
The nominal interest rate is also determined by the Taylor rule, such that:
it =14 by (ﬁ + KeTt + Ky + f@(gét(c)) + by . (65)

Putting both equations together, we have the following system:

(’i:co'a: + 700)2 ’4&0,2\

i+b;m = —logf+T+ kX — 5 -5 (66)
by +brke = v+ Kepo (67)
brks = Rz s (68)

YKe + K§
b = - 69
TR R+ BAPA + 11 o (69)
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As long as b # 1, 7 is pinned down by Equation (66). We then obtain:

o b s = P I
N bw_pw’ b7r ’ bﬂ' bTr_pa:
1 YEe + Ks
and k) = K 4+ — 70
A bﬂ-—p,\ zPA 1+ Yo + Ko ( )

D.3 Discussion

Assuming the system to be stationary such that |p;| < 1 and |py| < 1, the inflation jump upon
default parameter kg is:
¥s

Kg = 3~ Ko (71)

br is naturally positive since it represents the strength of the central ban’s battle against inflation.
Its magnitude is key to determining the inflation parameters in the system. Economic intuition
also suggests that s is negative, implying that the long-run mean of consumption growth
expectation decreases persistently after a sovereign default occurs. The magnitude of ¢s provides
the size of the initial forecast decrease, which is smoothed for the subsequent periods by the

parameter p,. Therefore, the sign of ks is that of —x;, which is examined below.

The impact of long run consumption growth on inflation is given by:

Vfb:(;
bﬂ'_px'

Fop = (72)
In standard setups, the price of risk v will typically be larger than the central bank reaction
coefficient for real activity. Common values for the latter are 0.5 or 1. Therefore, the sign of k. is
the same as that of b; — p,. Since the long run component of consumption growth is fairly
persistent (p, = 0.97 in the original Bansal & Yaron 2004 calibration), the size of the inflation
coefficient in the Taylor rule, b, is the key determinant of inflation reaction to consumption

growth, and default.

If b, < pz, then K, < 0, leading to hyperinflation upon default since x5 > 0. Notice that the
direct and indirect effects of default on inflation add to each other. Indeed, when 6,5(0) jumps,
inflation increases by k5. On the next period, x;11 decreases by s, meaning that inflation

increases further at ¢ 4 1 since &, is negative. Both effects thus play in the same direction.

The relationship between the default probability and inflation is governed by the coefficient kj,
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which has the following function form:

1 B n YRe + K§
AT + YKo + K

R) = (73)

b7r — Px
To simplify the discussion, we assume that ¢, = 0. Since the default probability is very
persistent, we can safely assume that py will be close to 1 such that b, — p) is negative. Thus,
Equation (73) shows that ) has the opposition sign as the fraction involving the impact of

default on inflation (ks) and on consumption growth (k). This ratio is positive as long as:
K§ > —YkKe - (74)

The previous condition implies that the inflation jump upon default should be sufficiently large.’
This condition will lead to a negative correlation between inflation and the default probability.
Notably, this means that x5 and k) can be of different signs, and inflation can react in opposite

ways to default probability and the default event itself.

As long-run consumption growth expectation (x;) falls, inflation will react according to k. If Kk,
is positive, this implies that inflation is also falling, and the central bank will adjust the nominal
interest rate down according to the Taylor rule. Because the consumption growth process is
persistent, low expected growth today translates into low expected growth tomorrow. Low
expected consumption growth tomorrow means high marginal utility state of the world causing
the real interest rate to drop. In this scenario, both real and nominal rates decrease as
consumption growth expectations decline. On the other hand, if k, is negative, inflation and the
nominal interest rate both rise when z; drops. Increase in expected inflation causes the nominal
stochastic discount factor to decrease. This makes nominal bonds cheaper and nominal rates
higher. In order for the Euler equation for nominal bonds to continue to hold, it has to be the
case that the decline in expected consumption growth, after scaling by ~, cannot dominate the
rise in expected inflation. Otherwise, nominal bond prices rise and push down the nominal
interest rate. Futhermore, the solution also requires that the central bank does not respond to the
rise in inflation too strongly, i.e. less than one-for-one or b, < 1, since the falling real interest rate
makes it impossible for the nominal rate to rise faster than inflation. In this world, an increase in
expected consumption growth will make real interest rates increase, which will lead inflation
downwards. In reaction, the central bank will decrease its nominal interest rate to mitigate the

effects on inflation.

9Note that to be well-defined, the Laplace transform needs that yx. 4+ k5 > —1.

20



When a sovereign default happens, the current expected consumption growth (z;) stays the same
but its future path is revised downwards because of s < 0. Accordingly, the real interest rate is
not going to move but expected inflation will increase, such that the equilibrium nominal rate will
increase as well. Therefore, current inflation adjusts upwards for the Taylor rule nominal rate to

go up as well.

Last, an increase in the default probability makes expected consumption growth decline through
K¢, as the default process directly enters the realized consumption growth process. The
equilibrium real rate will thus adjust downwards. As the chance of a default is higher, inflation
has a higher probability to jump by ks so expected inflation is revised upwards. The effect on the
equilibrium nominal rate can thus be positive or negative. If the inflation jump upon default is
very large, the equilibrium nominal rate will increase as well as the Taylor rule policy rate.
However, when the reaction coefficient to inflation is low enough (b, ), the Taylor rule interest rate
can never catch up with the equilibrium nominal rate so inflation needs to go down in reaction.

This generates the negative correlation between inflation and default probability.

E Closed-Form Estimation Equations

E.1 The term structure of ILS

Our first empirical target is the zero-coupon inflation-linked swaps. We assume in our model that
ILS are virtually riskfree, such that they are equivalent to a long-short position on nominal and

real bonds. By no-arbitrage, the swap rate of a n residual maturity is given by:

ILSi(n) = %log E? [exp (i: 7Tt+i>] . (75)

i=1

Using the inflation specification (10) and the risk-neutral dynamics of the factors, we easily find
that:
ILS(n) = it + bl - 2+ by (76)

ils,n

where the loadings are obtained through closed-form recursions (See Appendix H). If inflation
does not depend on y; or d¢, i.e. when ml(f) =0 and mgﬂ) = 0, the last term of Equation (76)
disappears and all the riskless yield curves are explained by z;. If in turn inflation depends on the
(y)
l

default and credit-event variables, then b/ is different from zero and credit factors and the
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default probability enter the ILS curve. This feature results from the inflation and the pricing
kernel specification. Indeed, both riskless nominal and real bonds do not suffer from sovereign
default directly, and are hence hedges against default risk. However, nominals can be more

exposed to default risk than real bonds through inflation risk. If inflation correlates positively
b(y)

ilsn > 0), since

with default risk, nominal bonds are more exposed to default than real bonds (
their real cashflow decreases significantly in case of default, and vice versa. Last, notice that since
(0)

®, is lower triangular and inflation does not depend on the liquidity factor y,’, this factor does

not enter the ILS curve.

Our empirical exercise also considers OIS rates as proxies for riskless nominal yields. It is easy to
show that the yield of a riskless nominal bond of residual maturity n, denoted by r;(n), is given
by:

ri(n) =apfn + b( ) X+ bﬁf)n Yt (77)

where the loadings are also obtained through closed-form recursions (See Appendix H).

E.2 Treasuries and default events

The term structures of nominal treasuries and TIPS constitutes our second empirical target. By
no-arbitrage, the prices of these securities can be obtained by computing the present value of all
future cashflows. However, we need to include the possibility that the sovereign may default and

not entirely repay the principals associated with the treasuries investments.

Having defined the cashflows in all states of the world (see Section 4.4 and the summary of Table
A9), we can provide the general pricing formulas. The price of a TIPS of residual maturity n is

given by:
n i—1
c 1)* * c V4 c
o ER |exp | =00 [T’t(ﬁj +(1-p )7Tt+y+1} Z5t(+)g 0 =0p1 {51§+)z > 0}
; =
i i-1 i—1
£) c J4 c £)
+ BP exp | =0 = >orl |1 > 46l =0 p ol =onel? > o}
i =0 j=0
i n—1
I
+ IE? exp | — Z r§+)j Z (5t+J tﬂ . (78)
L j=0

The first row of (78) represents the discounted cashflow in case of a credit event at ¢ + 4, the
second row has the similar interpretation for a liquidity event, and the last row gives the present
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value of the consumption unit at maturity.'” In the same spirit, the price of a nominal treasury of
residual maturity n is given by:

Bi(n) = Z E? exp —(5t(i)i — Z (r,&)j + 7Tt+]‘+1) -1 Z(ngr)j =0,1 {5521 > 0}
i=1 j

|
—

n

+ E? |exp [ - (rt(fj*JrnHjH) {3769 =03 . (79)
J j=0

Il
o

Equation (79) simply states that the price of the nominal bond is the sum of discounted recovery
payments if default happens between ¢+ — 1 and ¢ + 4 (first row), and the discounted principal if

no default occurs during the lifespan of the bond (second row).

We show in Appendix I that our model provides closed-form (though, non-affine) pricing formulas

for Equations (79-78), such that the prices of both bonds, are given by:

Bi(n) = Y [GXP (Atz‘ps,z’ + nggs,i wp+ ﬁi?ﬁs,i : yt) — exp (Atz‘ps,z‘ + BEZZS,Z- "+ ngs,i : yt)
=1
z)’

+  exp (etiP&i + Bgfp)s,z “Tet ngzs,z ’ yt) — €Xp (Ctips,i + ng,zps,i Tt + Dg;zs,z ’ yt)]

+  exp <Ctip5:n + Dgﬁp)s,n "X+ Dgfzzs,n ' yt) ) (80)
and:
Bi(n) = Z exp ('Knomz + §1(1mo)7;11 “Tet §7(1yo)r/nz ) yt) — exp (Anomﬂ' + Bngo)T/nz “Tet ngyo)rlm ) yt)
=1
+ exp (Anom’n + B7(’l$0)7;l,n - Tt + B,%{));rhn . yt> . (81)

We can then easily obtain the BEI pricing formula by considering the log-difference of TIPS and

10We leave aside the embedded option and the inflation lag for simplicity in these pricing formulas. First,
note that the embedded inflation option would, if anything, raise the price of the TIPS, decrease its yield,
thus play against a large ILSBEI spread. Hence, by neglecting the deflation option, we underestimate the
role of the other factors, if anything. In addition, notice that the value of this deflation floor would be
the biggest during the financial crisis, where the ILSBEI spread is the biggest. Our simplification is thus
conservative. Second, while the inflation lag can matter for short-enough maturities (below 2y), it is unlikely
to have a large impact for longer maturities since the 3-months lag represents a smaller proportion of the
total maturity of the bond.
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nominal bond prices:

E.3 CDS pricing

In case of default, the payment provided by the CDS is equal to the loss given default of a

(c)
nominal bond, i.e. 1 —e™% . The present value of the protection is given by:
n i—1 . © i—1
PSi(n) = ZE? exp | — (rgi)j + 7rt+j+1) (1 - e*‘stﬂ‘) 1 Zégi)j =0,1 {55531 > O}
i=1 j=0 j=0

We assume that a buyer of protection makes periodic payments from time ¢ to maturity n to
protect against any type of credit event. The cash flow payment at time ¢ 4 ¢ conditional on no
default is designated as St(”). The present value of the stream of cash flows paid by the protection

buyer is:

i—1 7

PB{ = S{" Y B |exp | =3 (rf}) +main) | 14 Y610 =0
=1 =0 =0

No arbitrage pricing requires that the present value of the protection bought is equal to the
present value of the protection sold. Equating both legs at inception, the swap spread yields:

Yo exp (Anom,i + Bgz)ml - T+ sto)ml . yt>

where B; (n) represents the price of a nominal bond for a recovery rate of 100%, and By(n) is the

exact pricing formula presented in Equation (81) (see Appendix J).

F Affine property and conditional moments of w;

Let us compute the physical conditional moment-generating function of w; = (2}, y;,d;)" applied

inu=(ul, Uy, ug)/. For the sake of generality we provide the formulas for &, ~ N (0,3) and
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general scale parameter c,. In practice our empirical model assumes ¥ = /3.

goﬂt(u) = E? [exp (u’wt+1)]

1
= exp {U; (1 + Ppxy) + 2%2%} Ef {EE) [exp (U;ytﬂ + w5bi41) |yt+1] }

1 diag(cs)u !
R e S (== )

where the fraction is an abuse of notation for an element by element ratio and:

(©
0
o Y

Thus, denoting by u, = <5>\ ldiagw + uy>, we have:

—diag(cs)us

di iy \
iag(cy)uy > P,y — ' log [1 — diag(cy)ﬂy]} ;

1 — diag(cy)uy s

1
wgt(u) = exp {u’x (u+ Pypzy) + §u;2um + <

which is an exponential-affine function of z; and ¥, thus of w; by extension. The conditional

mean of w; is then given by:

]EIE (l‘t+1) = u+ <I>x Tt
Ef (yr41) = diag(cy) (v + @y yp)
E} (6141) E} [E[f (5t+1|yt+1)} = diag(cs) BAEL (yet1) -

For notational convenience, we introduce the block matrix @) of size N x N defined as:

I3 0 0
0 diag (cy) 0
0 diag(cs) By diag(cy) diag(cs)

Q

We obtain that
E} (wis1) = Uo + Ty,
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where:

A

: 0
<I>y
0

Up=Q x| v and ¥ =Q x (85)

[l ]
S © O

Let us now turn to the conditional variance. z; is independent from g; and ¢;, and its conditional

covariance matrix is given by . Then, using the properties of gamma variables, we have:
V (ye41) = diag (c)? x diag (v + 28y 1) -
Using the law of total variance, we can express the conditional variance of d; as:
Vi (6t41) = Vi [E]f (5t+1\yt+1)] +E} [stp (5t+1|yt+1)}
= Vi [diag (cs) B yr41] + Ef [Zdiag (cs)? diag (8% yt+1)}

= diag (c5) B VI (yer1) Brdiag (cs) + 2diag (c;5)” diag (6& E; [yt+1]>
= diag (cs) B3 V} (ye1) Badiag (cs) + 2diag (cs)” diag [ 84 diag (c,) (v + Py ye)] -

Last, the conditional covariance between y; and §; is given by:

Cott (ysy1, 0p41) = Couvt (yt+1, EF [(5t+1|yt+1]> + Ef [(Covlf (yes1, (5t+1|yt+1)}
= Couvf (Ye41, diag (cs) By yit1)
=V} (yi41) B diag (c5) -

Putting all results together, we obtain:

by 0 0
Q1 =V (wp1) =Q x | 0 diag (v + 29, y;) 0 x Q. (86)
0 0 2diag (3} diag (cy) (v + Py y1)]

We obtain unconditional moments by assuming stationarity of wy:

EF (w;) = (Iy—®)"'¥,
Vec [VP (wt)] = [Iy:—(Q®Q) (¥ ‘1’)]71 x | Qo + QEF (yt)} )
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where €y and ) are such that:

by 0 0
Vec | 0 diag(v+ 2P, y) 0 = Qo+ Qy; .
0 0 2diag [3} diag (cy) (v + @y y1)]

G Affine risk-neutral property

To obtain the affine property under Q we need to proceed to the change of measure implied by
the SDF specification of Equation (9). Since x; is independent from y; and ¢; and that the SDF

does not incorporate cross-terms, we can proceed to its change of measure separately from that of

(e, Ot).

Our specification of x; dynamics and the SDF that depends on z; is that of a standard Gaussian
affine term structure model with time varying prices of risk. We can thus directly apply the

standard result that:
2= p2 4+ 0%, | + VIR, where 2~ N(0,13) , (87)
and the risk-neutral parameters are given by:
= +S Ao, OL=0,4+TA,. (88)

For the change of measure associated with the default and liquidity risk variables, we rely on
Propositions 2.5-2.6 of Monfort et al. (2020), and we have that the risk-neutral intensities are

proportional to the physical intensities:

p(e)
(© _ (c) (© [ (o) Q ()2 () Q 1
0,7 = Z;éj,t where P{? | A7 P (A7) and ¢ 2 gap (CgC)Q) , (89)
]:
where
C Q C Q C C @ C
N =B+ B8 (90)
and,



and the risk-neutral intensity of the liquidity event variable is the same under both measures

since 6t(£) is not in the SDF. The risk-neutral dynamics of y; is given by a vector autoregressive

gamma process, such that:

velvi1 2Ty (8 i1, <) | (92)
where 2
C C
Q0 = diag <y> @, and = Y _ (93)
Y Y v - diag(cs)A ’
“ 1 dias &) [+ (255005

where As = (As, 0)'. The proof is easily obtained below:

Ey 1 [exp ((Uy +Ay) v+ (“‘5 + A‘S), 5t>}

Ei 1 {exp (A;yt + Ag&)}

E;Q_l [exp (g ye + usoy)| =

Using law of iterated expectations:

~ /
us+A
E: 4 [exp <<uy + Ay + B [1?5&2?;1)5)}) yt)}
- /
Ei_1 [exp ((Ay + B [71?23%5}) yt>:|
~ /
exp { (liyci)g%y) Qyyi—1 —vV'log(l—cy © ﬂy)}

oAy Y X
exp { (%) q)yyt—l — l// IOg (1 — Cy ® Ay) }
~ /
- i 1- -
= exp v © uy~ A L D,y — 1 log M
l-—c,0uy 1-c,0A, 1—-c,OA,

~ o cs®© (u5+/~\5)
%-%+%+quwmm]

C @[\
Ay + A [1*5656(12\5}

E?_l [exp (uyye + ussy)] =

where

=t
<
I

28



Setting us = 0, we obtain:

CQyOly cyG)/N\y~ _ Cy@(1_Cy®Ay>®ﬂy_Ay®(1_cy@ﬂy)
1-¢ 0ty 1-c¢,0A, (1—cy®]\y>®(1—cy®ﬁy)
i, — A
= O — <
(1-coh)o-cod)
Cy © Uy

(1—cy@]xy)@(1—cy®ay)

Second, looking at the term in the log:

. ®OA
1—¢, 08, 1-G0 [uy + A, + diag [7125@6&;} m]
1-c,®A, _ i 766@‘@} }
y y 1-¢,® [Ay + diag [176661\6 B
Cy O Uy
= 1- C @]&
_ : _CcsOAs
=40 [Ay + diag {1*(36@[\6] BA}
We set c? = Sy R =1 @A . We obtain:
1—cy®[Ay—l-diag{l_‘i&@%é}ﬁ)\} v
/
[OK/
B [exp (up)] = exp " — | Py
(1_Cy®Ay) ©1—cyOuy)
— Vg |1- Cy © Uy
: OA
1-¢,® {Ay + diag Lc(s%@;s\é 5

Q !
cyOu
Y Y Q
exp { < <, ~y> yYt—1 v og C © Uy }
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We then have:

Cg@’uy CQ@ U
1—cy, ®ay Y Tl 0uy -

y@
’LL
Y
(l—w)@( o)

S o)

Q Q
CryOu C
Y Y oL

A,

quCy)

1—uy®c9 Cy

So in the end we have:

Q , cg O Uy cg / Q
B [exp (uyye)] = expd | —F—50 2L | ®yy1—v©Olog (1 —cy ® uy>

1—uy®c(3 Cy

Q ! Q

crOu C

= exp yiy@ diag | 2 ®yyp1 — v ©log (1 - cg ® uy) .
1—u,Ocy Cy

and the result is obtained.

Since the classes of distributions are the same under the risk-neutral measure, w; is an affine
process under the risk-neutral measure and its conditional moment generating function is given
by:

wgt(u) = E? [exp (u'th)]

/
1 diag(cQ)a@ »
= exp {u'x (,uQ + @9:@) + 5“;2% + ( Blcy )Qy~@> (IDS yr — V' log [1 - diag(cg)u(g] } ,

1 — diag(cy)uy

where

~ diag(c2)us
ag =y = | Ay — gty |
1 — diag(cy )us

Building on the property of affine processes, we have that the multi-horizon moment generating
function of w; is also an exponential-affine function of w; under the risk-neutral measure. Let us

introduce the following notation:

cpgt (u) = exp (AQ(u) + B@(u)’ wt> .
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We have that:
n
P2 (Uuty.. .y uy) = E? |exp Zu; we | | =exp [AS (U, tn) + B2 (u, ... un) wel
i=

where AE)Q (u1,...,up) =0 and B2 (uy,...,u,) = 0 and the loadings are defined through the

following recursions:

AL (un, ) = AP (w4 B (g, ) )+ AL (un, )
Bg(ub'"aun) = B@ <u1+69—1 (u27"'7un)> .
This multi-horizon moment generating function will be calculated for all n — 1 first arguments are

equal, i.e. up = up = ... = u,_1 = u and u, = v. Thus, our notation A? (u,v) and BY (u,v) can

be obtained through the above recursions by calculating A9 (u, ..., u,v) and BY (u, ..., u,v).

H Pricing formulas for riskless nominal and real
bonds

The price of riskless inflation-linked bonds and nominal bonds is respectively given by:

i n—1 n—1
* (r) /

o = 52 [on (500, )| o8 fesp (-5
i n—1

D" = BY exp [ = (rfyy + meein)
L ']:0

") (M () = ! '
_ 6—n<m0 +rg +r) wt)E;Q exp | — Z (li(r) + ,{(”)> Wiy — /i(w) Wiin
=1

’ / ’ ’ /
where (") = (mé’") , 05, 0’2> and k(™ = (ng{) , Iﬁz(f) , 0, mgﬁ), 0) . Thus, using our notation for the

multi-horizon moment generating function of wy under the risk-neutral measure, these
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expectations can be transformed as:

D™ = exp —n/ig) + AZ (£, 0) + [BL (—£™, 0) — H(T)}/ wt}
DI = exp {n (<) 4 #E7) + AR (R0 — w00, —5) 4 [B3 {4~ K, ) ]}

I Pricing formulas for nominal treasuries and TIPS

Let us first focus on nominal bonds. We rewrite Equation (79) for convenience:

S £ ) (i) L)
+ EZ {eXp (S(g) +wt+J+1)) {Zéfi)] }] .

We define (5,5(0) = e/ w;. Focusing on the first indicator term in the above equation, we can write:

1—1
]E;Q |:6Xp ((Slgj_)l - <7"t(_1,’_); + 7Tt+j+l>) x 1 {Z(;H_] }]
j
o o o i-1 i—1
= () {exp (Z (Rw) n W))’ e (ec N R(ﬂ), wm) . { 5 _ OH |
=1 :

Using the lemma 3.1 of Monfort et al. (2020), we have:

o . i—1
eii(ﬁé ny ))7'{( : YRS |:exp ( (m(r) + /f(”)y Wiyj — (ec + /@(’T)) wt+,) x 1 {25t+1 }]
( (5040 s ] — (o5 )]
I o [ i—1
= lim e_i(né - ))_H< : th9 exp ( Z (H(T) + k™ 4 uec>/ Wigj — (ec + H(W))/ wt+i)]

Il
o

I
o

Y SR O I COA RN (S
. i kg Ttk KA we Q)
) [

u—-+00

= lim exp{ i (H[(]r) + IQ(()W)> + .A(ZQ

u—-+o00



Applying the same logic to the remaining terms, and assuming default has not occurred at date ¢,
we obtain the result of Equation (81):

)/ n i ()
Bt(n) = lim e " W‘Ze Z<HO o ) X

u—+00 ‘
=1

exp {A;Q (—/{(T) — k™ — ue,, —e, — m(“)) + B;@ <—K(T) — k™ — ue,, —e, — m(“)>/ wt}
— exp {A;@ (—FC(T) — k™ — ue,, —ue, — /i(”)> + B;-@ (—N(T) — k™ — ue,, —ue, — fi(”))/ wt}]

+ exp{ -n (/1((;) + m(()ﬂ)> +AZ (—n(’") — k™ — ue,, —ue, — H(W))
/
+ BY (—m(r) — k™ — ue,, —ue, — /@(”)> wt} .
Let us now turn to TIPS valuation. Again, for convenience, we rewrite the general pricing
formula given by Equation (78) below:

i—1

zw%@g wmﬁm@u@%ﬂj#mwﬂ
=1

I
o

J

[ i1 i—1
{4 1)* c {4 l
o oo 42 2 ) 2 {0 <o 1 o onith o)
i =0 =0
i n—1
+ E? exp | — rt_w Z‘St(ig+5t+g
L ‘]:0

@
I
-

n i—1
= Z E2 {exp (515(;3_)1 - Z [TSF)] +(1— p*)ﬂt+j+1}) X
; =
p S (50 L 50 4 50
1 Z 5t+] 51£+] - -1 <5tfrj + 5t+)j> + 5tfri =0
j
_ ¢ (1)* \- ( (¢ )
+ E9 exXp 51E+)z Z Tty 1 (5152] 5t+)_]) + 5t(frz =0, -1 6t(<ci*_] t+j -
L J
+  EZ2 |exp ( ngfj) { 01+ 0, }]
L 3=0

33

I\
o

I
o




We define 5,56) = ejw;. Assuming no default or liquidity event at date ¢, the first term of this

equation can be detailed as:

i—1
E? {exp (5t(i)z Z [ng—li—)] +(1- )7Tt+a+1}) x 1 {Z‘stﬂ * 575-1] - }]

§=0

i[5 +(1=p")r§ | =k

x B {QXP (lzé ( (1= p)e™ + u (e +e€))/wt+j - (ec +(1- P*)“(W))/wtﬂ')]
j=1

= lim exp {—i [R(()T) +(1- p*)/@(()ﬂ)] + .A(i@ (—K,(T) —(1=p)e™ —u(e.+e), —e.— (1 — p*)/ﬁ(”)>

u—-+o00

+ [B;@ <—m(r) —(1—p)E™ —u(ec+er), —e.— (1 — p*)n(”)) — /ﬁ(’")}/wt}

Using the same properties, we obtain:

i—1 i—1
c * c Y4 c
E? |:exp (5,5(4_)2 — [rg_)] +(1-p )7rt+j+1}> x 1 {Z (5]5_2] 575_3]) —1—515_& = O}]
Jj= Jj=0
= lim eXp{ [R(()T) +(1- p*)fi((;r)] + A(i@ (-K,(T) — (1= p")e™ —u(ec+e), —ue, — (1 — p*)/@(”))

u—-+00

O

B (A (1= 0 —ulecter) —uee — (11— p)r™) - ”(”th} :

for the liquidity event:

11— i—1
V4 1 4 c
g [( o, - t:z) { (89, +49,) -+ 4, - }]
Jj=0 J

= lim exp{ —I—AQ( ()—u(ec+eg),—uec—eg>

u—-+o00

+ [BQQ ("f(r) —u(e.+ey), —ue. — ez) — /f(r)],wt} ;

-
I

Il
o
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and

i—1 7
¢ ¢
EP [QXP ( 5154—)@ Z t+y) 1 {Zétﬂ + 5§+)J = O}]
7=0

= lim exp { (()T) + AY (—/-@ M —u(e.+er), —u(e.+ eg))

u—-+00

+ B (A —ulecten), —ulecten)) - W]'wt} :

which is also the last term when 7 = n. Putting all these terms together, we obtain the result of
Equation (80).

J Pricing formulas for CDS spreads

The protection buyer value is given by:

7

I
=)

J Jj=0

ZEQ |:exp ( 1 (rg); + wt+j+1)) {Zéﬁ% = 0}]

Applying the same pricing principle as in Appendix I, we can easily express the protection buyer

value as:

n i—1 i

St(n) ZE? |:exp ( Z <7“£+); + 7Tt+j+1>> 1 { (5&:‘_)] 0}]
: J=0 Jj=

— g 8™ S () e g () / Y’

= u—1>1—’I&-100 z;e exp ( + r\+ uec) Wiy — (ueC + K ) Wit

= lim S(n) = e Zexp{ ( + /ﬁ'/((;r)> + .A(Z»@ (—F&(T) — k™ — ue,, —k™ — uec>

u—-—4o00

[e=]

i—1

—_

=
/
+ B? (—,{(’") — ™ — ue,, k(™ — ”ec) wt} '

The protection seller value is given by:

1 i—1 i
(Tt(+)1 + 7Tt+]+1)) (1 —e 531) (]1 {Z5t+y } 1 { 51523’ - 0})]
7=0 Jj=0
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(©)
We can separate the term in (1 —e 5t+l) in two and treat these two terms. The first term,

n i—1
Z Eng exXp | — Z (T:—&-j + Terjt) Z 5t+] Z 5t+g ’
i=1 Jj=0

would be the price of a nominal treasury with recovery payment of the full face value, forgetting
the principal repayment at maturity provided no default has happened (the last term of Equation

(79) is missing). The second term,

n i—1 i—1 7
Z Eg exp t+z Z iyt 7Tt+j+1) 1 Z 5§fr)j =0p-1 Z 51521 =0 ’
i=1 3=0 7=0 7=0

is exactly the first row of Equation (79), so it is the price of a nominal treasury, forgetting the
principal repayment at maturity provided no default has happened. In the end, taking the
difference between these two terms, it is innocuous to add the discounted value of the last
payment in both terms since they are canceling out in the difference. We hence obtain that the
protection seller value is the difference between the price of a nominal treasury with recovery
payment of $1 and the price of the standard nominal treasury. The result of Equation (83) is

obtained by equation the protection buyer and seller values.

K Gradient computation for measurement equations

We use the extended Kalman filter for estimation, which requires the computation of the gradient
of the pricing equations in the factors. Since our pricing equations are closed-form, we have
closed-form gradients as well. Since these computations are the result of tedious algebra, we only

present the results without justification.

Let us start with riskless yields. Given the formulation of the ILS and nominal riskless yields (see

Equations 76-77), we trivially have:

OILS"” L
9wy - <bils,n’ bils,n’ 02)
oy wr
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Let us turn now to nominal treasuries and TIPS. Continuously compounded yields of these bonds

are respectively denoted by RIE") = —n"llog BIS") and Rin)* = —n"llog Bt(")*. It is useful to

define the differentials with respect to the price instead of the yield directly. Using the chain rule,

we have:
oR™ 1 oB™ 1
= ——X X
0 Wt n 0 Wy Bt(n)
dR™" 1 oB"™ 1

0wy n 0wy % B§")*‘

Let us focus on the differential of the nominal bond price first.

= lim e
owy U—r+00 4 1
1=

9 Bt(n) = —1 (NE)T)JrNgN)) [

)

X [B@ (_w) — k™ _ e, —e, — Fﬁ)) _ w)}

exp {A;Q (—K,(T) — k™ — ue,, —e, — n(”)> + [BQ (_,{(r) — k™ — ue,, —e, — n(”)> — n(r)}/ wt}

7

— exp {AZ@ (—/4;(") — k™ — ue,, —ue, — li(”)> + [B;@ (—K(T) — k™ — ue,, —ue, — n(”)) - n(T)}/ wt}

X [B;@ (—K(T) — k™ — ue,, —ue, — H(ﬂ—)> - /i(r)] ]
+ exp {—n <I€(()T) + /sgr)) + AY (—K(T) — k™ — ue,, —ue, — /{(”))
+ [Bg (—f—@(”) — k™ — ue,, —ue, — ﬁ(”)) - I{(r)}l wt}

X [BQ (—K,(T) — k™ — ue,, —ue, — /i(”)> — I{(T)] .

n
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For TIPS, applying a similar principle:

exp {—i (1= p*) k™ + A2 (_m — (1= p)E™ —u(e, +ep), —e, — (1 — p*)n(”))
£ [BE (A0 — (1= p ) (et ), —ee— (1 p)n™) — O] wt}
x [BY (=50 = (1= p)r) — u(e + er), —ec = (1= p)r(™)) = k]
— exp {—i (1—p*) k(™ + A2 (_m — (1= p")K™ —u(e, + ), —ue, — (1 — p*)w))
b B2 (A0 — (1= g — (e + ), —uee — (1 - p)s™) — O] wt}
X [B;@ (fm — (1= )™ — u(e, +ef), —ue. — (1 — p*)/i(”)) - w}
b oexp {A;@ (5" — uec +er), —uec —er) + [BE (=517 — ue. + ), —uec — e ) - w)}' wt}
x B2 (=5~ ule. +er), —ve. — e ) — k("]
— exp {A? (—W) — u(ec + eg), —u(e, + eg)) + [B;Q (—m(” — u(ec + e), —u(e, + eg)) - KZ(T)}, wt}
x [B;@ (7!&06) —ule. +ey), —u(e. + eg)) - W)} ]
+ exp {—mg” + AT (=K — u(e +e0), —ulec +er)) + B (=5 — u(e. +er), —ulec+er)) - w}’ wt}
x [39 (—M — u(e, + ), —u(e, + eg)) - M} .
Last, for the CDS, let us denote by:

St B gn(wt)

)

where f,,(e) and g,(e) are explicit functions given by Equation (83). Using differentiation rules:

08" 1 0falw)  falw)  Oga(wy)
dwy gn(we) O wy gn(we)? dwy
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The differential of f,(w;) is easily obtained as a function of the differential of nominal treasuries:

afnwt _ E%Ze (5 [
k) 4 [B2 (<) — )~ e, —n™)) M]' wt}
x B (=5 = k™ —ve., —x(™) — 51|
k) — e, —uee — k) + [BE (k) = k) — ue,, —ue, — £ - ,ﬁcr)}’ wt}
< [B2 (=5 = ™ — ve., —ue. — x™) — 5]
,

- eXp {AQ K™ — ue., —e. — Fi(ﬂ)) + [B;@ (—KJ(T) — k™ — ue,, —e, — H(”)> _ ,i(r)} wt}

X [B;@ (—/1(7") — g™ _ ue;, —e. — ,i(ﬂ’)) _ H(r)}

AQ ™ — ue,, —ue, — /1(”)> + [B;Q (—H(T) — k™ — ue,, —ue, — /i(”)> — n(r)}, wt}

o [B2 (R0 k)~ e, —ue, 5 - k7] ]

exp {Ai@ (—/i(r) — k™ — ue,, —n(”)> + [B;@ (—n(r) — k™ — ve,, —ﬁ(”)> — /i(r)]/ wt}
X [B;@ (—/i(r) — k(™ — ue,, —/i(”)) - /f(’”)}
/

- exp {«49 (=1 = k™ — vee, —ec = 1) + [BY (=) — k™ — ve,, —e, — k™) — "] wt}

X [B? (—KJ(T) — k™ —ue,, —e, — n(“)> - K(T)} ] .
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and, for the function g, (w;):

W = lim Z: <exp [ () 4+ w57) 4 A2 (1) = 1) — vy, —() — ue )

+ [B;@ (—H(T) — k™ —ue,, —k™ — uec) — H(T):|/ wt}

X [B;@ (—FJ(T) — k™ —ue,, —k™ — uec) — K(T):| > .

L Identification constraints

For econometric identification, cg = 1 imposed. For parsimony, the covariance matrix of
measurement errors is assumed to be diagonal, and each block of observables has a different
standard deviation parameter. The standard deviation of the liquidity proxy measurement errors
is set to a fifth of its in-sample standard deviation, as it provides a reasonable fit of the proxy.
The standard deviation of ILSBEI measurement errors lies below 6bps. This constraint is not
binding at the optimum. Last, the measurement errors on the CDS term structure depend on a
CDS illiquidity index. The CDS illiquidity is measured as the inverse of the aggregated monthly
depth on the 5y U.S. sovereign CDS, computed as the number of contributors whose contributions
were included in the final composite value (Markit data, see Figure A6, bottom panel). This
measure is inspired by Qiu and Yu (2012).'! The final standard deviations of CDS measurement

errors are obtained by scaling the series by an estimated positive parameter.

11 Alternative liquidity measures exist in the literature but do not cover the sample that we consider in
the paper (see e.g. Wang et al. (2021) or the references in Augustin et al. (2014)).
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Table Al: First Difference Regressions: Post-Crisis

Table A1 presents the results of regressions of the first difference in the five-year ILSBEI spread on the
growth in Treasury debt held by the public (G) and the first difference in of the Euro-denominated five-year
U.S. Treasury CDS spread (CD.S) with controls for liquidity and slow moving capital. Liquidity and slow-
moving capital variables are the VIX index (VIX), the spread between LIBOR and OIS (L — OIS), the
difference between an off-the-run and on-the-run 10-year nominal Treasury security (OT'R), and the noise
measure of Hu, Pan and Wang (2013) (HPW). Standard errors are presented in parentheses and corrected
for autocorrelation and heteroskedasticity via Newey-West with three lags. Data are sampled at the monthly
frequency and cover the period January, 2010 through December, 2020.

Specification (1) (2) (3) (4) (5)

G —0.004 —0.004 —0.000
SE (0.004) (0.004) (0.005)
CDS 0.067 0.061 0.041
SE (0.106) (0.106) (0.110)
VIX 0.001 0.001
SE (0.001) (0.001)
L—-0IS 0.058 0.055
SE (0.037) (0.038)
OTR —0.011 —0.002
SE (0.174) (0.181)
HPW 0.012 0.013
SE (0.010) (0.010)
R? 0.007 0.003 0.009 0.066 0.067
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Table A2: First Stage Instrumental Variables Regressions: First Difference
Table A2 presents the results of regressions of debt growth, the first difference in CDS spreads, and the
first difference in liquidity controls. Data are sampled at the monthly frequency over June, 2005 through
December, 2020.

VIX L—O0IS OTR HPW CDS
€] 0.314 0.018" 0.009"* 0.183"* 0.002
SE (0.283) (0.010) (0.003) (0.049) (0.003)
VIX 0.001
SE (0.001)
L—0IS 0.007
SE (0.024)
OTR —0.071
SE (0.115)
HPW 0.007
SE (0.006)
R? 0.007 0.016 0.055 0.069 0.032
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Table A3: Decomposition of ILSBEI Regressions

Table A3 presents decomposed versions of the results of regressions of the five-year ILSBEI spread on the
Euro-denominated five-year U.S. Treasury CDS spread (CDS), liquidity and slow-moving capital controls,
and growth in aggregate Treasury debt held by the public (G) presented in Table 2. Liquidity and slow-
moving capital controls are the level of the VIX index (VIX), the spread between LIBOR and OIS (L—0IS),
the spread between an off-the-run and on-the-run 10-year Treasury (OTR), and the noise measure of Hu,
Pan, and Wang (HPW). Column (1) presents results for the ILS, column (2) for the ILS minus nominal
Treasury (TSY), column (3) for the breakeven inflation (BEI), column (4) for the nominal Treasury, and
column (5) for the inflation-protected Treasury (TIPS). Standard errors in parentheses are corrected for
heteroskedasticity via Newey-West with three lags. Data are sampled at the monthly frequency and cover
the period July, 2005 through December, 2020.

ILS ILS-TSY BEI TSY TIPS

G ~0.011 0.003 ~0.015" —0.014 0.001
SE (0.008) (0.021) (0.008) (0.022) (0.022)
CDS —0.848** 4.390"* —0.573* —5.238"* 4.665"*
SE (0.383) (0.758) (0.337) (0.915) (0.822)
VIX —0.026*** 0.009 —0.026"* —0.035"* —0.009
SE (0.009) (0.010) (0.008) (0.015) (0.011)
L-0IS 0.228 0.653"* 0.088 —0.426 —0.514
SE (0.205) (0.324) (0.191) (0.436) (0.034)
OTR 2.634** —0.808 2,453 3.441% 0.989

SE (0.531) (1.676) (0.563) (1.664) (1.762)
HPW —0.138"** —0.2447* —0.193%** 0.106 0.299"**
SE (0.043) (0.064) (0.042) (0.069) (0.065)
R? 0.450 0.522 0.665 0.512 0.564

* Kok kK

represent statistical significance at the 10%, 5%, and 1% critical threshold, respectively.
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Table A4: Decomposition of ILSBEI Regressions: Subsample

Table A4 presents decomposed versions of the results of regressions of the five-year ILSBEI spread on the
Euro-denominated five-year U.S. Treasury CDS spread (CDS), liquidity and slow-moving capital controls,
and growth in aggregate Treasury debt held by the public (G) presented in Table 2. Liquidity and slow-
moving capital controls are the level of the VIX index (VIX), the spread between LIBOR and OIS (L—0IS),
the spread between an off-the-run and on-the-run 10-year Treasury (OTR), and the noise measure of Hu,
Pan, and Wang (HPW). Column (1) presents results for the ILS, column (2) for the ILS minus nominal
Treasury (TSY), column (3) for the breakeven inflation (BEI), column (4) for the nominal Treasury, and
column (5) for the inflation-protected Treasury (TIPS). Standard errors in parentheses are corrected for
heteroskedasticity via Newey-West with three lags. Data are sampled at the monthly frequency and cover
the period January, 2010 through December, 2020.

ILS ILS-TSY BEI TSY TIPS
€] 0.004 0.017 0.002 ~0.013 ~0.015
SE (0.005) (0.014) (0.006) (0.015) (0.014)
CDS 1.337** 2,071+ 1.046*** —0.735 —1.780"*
SE (0.341) (0.761) (0.353) (0.770) (0.791)
VIX —0.0277** 0.013 —0.027** —0.039"** ~0.012
SE (0.005) (0.009) (0.005) (0.011) (0.009)
L-0IS —0.071 —0.669 —0.083 0.598 0.681
SE (0.314) (0.440) (0.328) (0.617) (0.434)
OTR 0.913 —0.005 1.042* 0.918 —0.124
SE (0.557) (1.271) (0.604) (1.377) (1.256)
HPW —0.199"** —0.480"** —0.233%* 0.281** 0.514%**
SE (0.066) (0.111) (0.067) (0.111) (0.115)
R? 0.538 0.366 0.513 0.271 0.343

* Kok kKK

represent statistical significance at the 10%, 5%, and 1% critical threshold, respectively.
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Table A5: ILSBEI Regressions: Alternate Tenors

Table A6 presents the results of regressions of the ILSBEI spread on debt growth, CDS spreads and liquidity controls. Results
for the two-year, three-year, seven-year, and ten-year tenors are presented in columns 1 - 4, respectively. Data are sampled
at the monthly frequency over June, 2005 through December, 2020. First and second stage parameters are simultaneously
estimated via single-stage GMM with Newey-West-corrected standard errors.

2-Year 3-Year 7-Year 10-Year
CDS 1.097** 1.324*** 0.868** 0.385
SE (0.521) (0.511) (0.341) (0.250)
VIX —0.002 —0.002 0.003 0.001
SE (0.003) (0.002) (0.002) (0.001)
L—-0IS 0.218* 0.138** 0.002 —0.097**
SE (0.115) (0.068) (0.046) (0.049)
OTR —0.381 0.053 —0.193 —0.636***
SE (0.298) (0.182) (0.124) (0.129)
HPW 0.072%** 0.070*** 0.057*** 0.064***
SE (0.026) (0.012) (0.008) (0.009)
R2 0.608 0.811 0.698 0.572
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Table A6:

ILSBEI Regressions: Alternate Tenors, post-Crisis

Table A6 presents the results of regressions of the ILSBEI spread on debt growth, CDS spreads and liquidity controls. Results
for the two-year, three-year, seven-year, and ten-year tenors are presented in columns 1 - 4, respectively. Data are sampled
at the monthly frequency over January, 2010 through December, 2020. First and second stage parameters are simultaneously
estimated via single-stage GMM with Newey-West-corrected standard errors.

2-Year 3-Year 7-Year 10-Year
G 0.001 0.002 0.001 —0.001
SE (0.003) (0.002) (0.001) (0.001)
CDS 0.013 0.009 0.316*** 0.068
SE (0.184) (0.121) (0.067) (0.065)
VIX 0.000 —0.000 0.001 0.001
SE (0.003) (0.002) (0.001) (0.001)
L—-0IS 0.014 0.026 —0.020 0.009
SE (0.141) (0.329) (0.044) (0.053)
OTR —0.368 0.050 —0.338** —0.505%***
SE (0.354) (0.235) (0.144) (0.111)
HPW 0.050 0.050*** 0.030* 0.049***
SE (0.031) (0.019) (0.016) (0.011)
R2 0.030 0.184 0.313 0.233
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Table AT:

Instrumental Variables Regressions: Post-Crisis
Table A7 presents the results of instrumental variables regressions of the ILSBEI spread on CDS spreads and liquidity controls.
In the first stage, we regress the liquidity and slow-moving capital controls on the growth in Treasury debt and regress the CDS
spread on orthogonalized liquidity and slow-moving capital controls (where orthogonalization is denoted by superscript +) and
growth in Treasury debt. Results are presented in Panel A. In the second stage, we regress the ILSBEI on the predicted CDS
spread and the orthogonalized controls, and present results in column (1) of Panel B. We repeat the second stage regressions
for the ILS in column (2), the nominal Treasury in column (3), and TIPS in column (4).
frequency over January, 2010 through December, 2020. First and second stage parameters are simultaneously estimated via
single-stage GMM with Newey-West-corrected standard errors.

Panel A : First Stage Regressions

Data are sampled at the monthly

VIX L—0IS OTR HPW CDS

G 0.540%** —0.002 0.006** 0.025 0.009**

SE (0.094) (0.002) (0.003) (0.024) (0.004)

VIX+ —0.002

SE (0.003)

L—-0Ist 0.181

SE (0.114)

OTR* 1.095%**

SE (0.240)

HPW+ —0.055***

SE (0.021)

R2 0.259 0.011 0.240 0.063 0.523

Panel B: Second Stage Regressions
ILSBEI ILS ILS-TSY BEI TSY TIPS

CDS 0.536™** 0.260 3.567 —0.276 —3.306 —3.031
SE (0.163) (0.811) (2.874) (0.915) (3.225) (2.833)
vIixt 0.000 —0.029%** 0.009 —0.029%** —0.038*** —0.009
SE (0.002) (0.008) (0.010) (0.007) (0.011) (0.010)
L-o01s+ 0.065 0.171 —0.294 0.106 0.465 0.359
SE (0.062) (0.404) (0.516) (0.394) (0.649) (0.492)
OTRt 0.189 2.376%** 2.263* 2.187*** 0.113 —2.074*
SE (0.157) (0.604) (1.163) (0.592) (1.280) (1.134)
HPW+ 0.018 —0.272%** —0.594%** —0.290*** 0.322** 0.612%**
SE (0.017) (0.079) (0.147) (0.088) (0.132) (0.149)
R? 0.267 0.442 0.300 0.456 0.263 0.294

ok ok
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represent statistical significance at the 10%, 5%, and 1% critical threshold, respectively.



Table A8: TIPS pairs with the same maturity date

CUSIP Issuance date ~ Maturity date ~ Coupon rate
i TN
R S LR
smavi  atroLty  NPOLB (3G
A Y
s ooits MO

Table A9: Real cashflows of treasuries in the term structure model

Timeline t+ 7T PR

N inal 0 — T4l —Tt4n,
No default ormina e

TIPS 0 1
Default at Nominal 6—5§?T—7rt+1—-..—m+7 0
t+7 TIPS @_5£<C|-)q—+(ﬂ*—1)(Tl't+1+...+7rt+.r) 0
Liquidity at Nominal 0 JREE———
t+7 TIPS e 0
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Figure A1l: Mispricing between TIPS pairs
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Note: These series present the mispricing between TIPS that have the same maturity date but different
issuance dates. Each series is the price of a long-short portfolio of the two TIPS in the pair, and a short
position in a zero-coupon TIPS of the same time to maturity. The weights are computed such that the
aggregated portfolio yields zero cash flows if there is no default event. To compute the price of the zero-
coupon TIPS, we use the parameters of a Nelson-Siegel-Svensson curve fitted on a daily basis on TIPS coupon
bonds. To include errors resulting from smoothing the curve, we include confidence bands corresponding to
plus or minus 3bps on the smoothed zero-coupon yield.

50



Figure A2: 6m OIS, inflation and liquidity proxy fitted values
The model is estimated with extended Kalman filter. Data range from November 2004 to December 2019.
The black solid line presents the observation data used as input for estimation. The grey dashed line presents
the fitted values produced through the filtered factors presented on Figure 5.
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Figure A3: Inflation-linked swaps fitted values
The model is estimated with extended Kalman filter. Data range from November 2004 to December 2019.
The black solid line presents the observation data used as input for estimation. The grey dashed line presents
the fitted values produced through the filtered factors presented on Figure 5.
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Figure A4: Nominal Treasuries fitted values
The model is estimated with extended Kalman filter. Data range from November 2004 to December 2019.
The black solid line presents the observation data used as input for estimation. The grey dashed line presents
the fitted values produced through the filtered factors presented on Figure 5.
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Figure A5: ILSBEI spreads fitted values
The model is estimated with extended Kalman filter. Data range from November 2004 to December 2019.
The black solid line presents the observation data used as input for estimation. The grey dashed line presents
the fitted values produced through the filtered factors presented on Figure 5.
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Figure A6: U.S. sovereign CDS spreads fitted values
The model is estimated with extended Kalman filter. Data range from November 2004 to December 2019.
The black solid line presents the observation data used as input for estimation. The grey dashed line presents
the fitted values produced through the filtered factors presented on Figure 5. The blue zones represent
approximate confidence intervals of measurement errors around the filtered CDS estimates. The latter are
measured with twice the CDS illiquidity series presented on the bottom panel. The latter is computed as the
scale of the inverse aggregated monthly depth (number of Contributors whose contributions were included

in the final composite value) of the 5y U.S. sovereign CDS.
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Figure A7: Credit Spreads
This graph presents the nominal and real credit spreads on panel (a) and (b), respectively, for maturities
ranging from ly to 10y. Nominal spreads are obtained taking the difference between observed nominal
treasury yields and model-implied riskfree nominal rates. Real spreads are obtained taking the difference
between the observed TIPS rates and the model-implied riskless real yields. The model is estimated with
extended Kalman filter. Data range from November 2004 to December 2019.
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